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ABSTRACT. A strong general restriction is given on the stable Hurewicz image
of the classifying spaces of elementary abelian p-groups. In particular, this
implies the iterated transfer analogue of the new doomsday conjecture.

0. INTRODUCTION

During the last decade, significant progress has been made in the study of the
classifying spaces of elementary abelian p-groups, BV,, where Vy is the rank s
elementary abelian p-group [C1][MI][AGM][Ln]. However, these studies dealt with
maps from BV, while topologists have been traditionally interested in the stable
homotopy of BV; [Ro][KP][Ma2].

Now the purpose of this paper is to give a very general restriction on the mod p
Hurewicz image of BVj. In particular, we will show

Corollary 5.2. The stable Hurewicz map
Trgn—s(B‘/S) - HQn—s(B‘/s)

has a trivial image, when

s—1
guz2(n)+2-2s va(n) +2+ [%} — Qg <[$;1:|) ifp=2,

-1 -1
pvp(n)+2—2s > (p _ 1)Vp(n) +1+p |:S—:| —ap <|:S :|) if p is odd.

2 2
Together with the Kahn-Priddy theorem [KP], this result implies the Adams
Hopf invariant one theorem [Adl] as a special case (when p = 2 and s = 1).

Furthermore, when p = s = 2, this result recovers our previous result [M1], which
showed the higher Kervaire invariant one elements 6; (j > 5) are not realized by
framed hypersurfaces.

Our result has another implication (which was in fact our motivation). For this
purpose, we recall the new doomsday conjecture proposed in [M3]:
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New doomsday Conjecture. For each s, there exists some integer n(s) such that
no nontrivial element in the image of

(PO (Bxtiy’ (2/p,2/p) € (Ext3?""" (2/p. 2/p)

is a nontrivial permanent cycle.

Thus, Corollary 5.2 indicates that at least the iterated transfer analogue of the
new doomsday conjecture holds.

To prove our main result (Theorem 5.1), we need the BP-Adams operations
[N][Ar2] and the Johnson-Wilson-Yan calculation of BP,(A™P) [JW][JWY], based
upon the affirmative solution of the Conner-Floyd conjecture [RW][Mt], just as
in our recent papers [M1][M2][M3]. However, the new ingredients here are Wood’s
theorem [Wo] (formerly Peterson’s conjecture [P]) and Kameko’s reduction [K] both
of which deal with the A* indecomposable elements of H*(BV) (for p = 2).

This paper is organized as follows. In §1, we recall the results of Wood [Wo] and
Kameko [K], and generalize their results to the odd primary case. In §2, we use
the Adams spectral sequence to show that those relevant elements in BP,(A®P)
have gigantic order. In §3, we study the action of the BP-Adams operations on
BP,.(A°P). For this, we need to establish the universal coefficient spectral sequence
using the chromatic tower. Our discussion here implies that elements in the BP-
Hurewicz image w2 (A®P) — BP,(A*P) must have relatively low order. In §4, we
show the transfer homomorphism H,(BV;) — Exti{?"’s(Z/ p, Z/p) commutes with
the two Sq”’s (resp. PU’s) for p = 2 (resp. p odd). This material is not used
elsewhere in this paper. However, this is philosophically important to relate the
iterated transfer to the new doomsday conjecture on the Adams spectral sequence
of the sphere. In §5, we apply our studies in §2 and §3 to prove our main re-
sult, Theorem 5.1. In §6, we speculate on a possible way to get around Singer’s
counterexample [S1] to the naive conjecture concerning the Singer homomorphism.

The author would like to express his gratitude to Peter Landweber, whose careful
reading and criticism of a preliminary version of the current paper has been very
helpful. His thanks also go to Masaki Kameko, Haynes Miller and Bill Singer for
their useful suggestions. Also, the author would like to express his gratitude to
mathematicians at the Massachusetts Institute of Topology for their hospitality
during the author’s visits to MIT during the summer of 1993. Neil Strickland
offered the author significant help with emacs. The author’s visit to MIT would
not have been made possible without the generous support by Dan and Nora Kan,
to whom the author expresses his highest gratitude. The travel support to MIT
was provided by Alabama EPSCoR.

Notation and convention.

Z/p{g} stands for a group isomorphic to Z/p with g as its generator.
H, and H* stand for the mod p homology and cohomology, respectively.
P =%*BZ/p=X*BV.

Let ¢ be a fixed generator of H2(CP>), ys; € Ho;(CP>) be the dual of ¢! €
H?(CP>), and z2;+1 € Hai1+1(P) be the image of yo; under the composite

Hyi(CP™) = Hai1 (ECP™) — Haiy1(P),
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where the first map is the suspension isomorphism and the second map is induced by
the S'-transfer. Let 29;12 € Ho;i12(P) be the unique element such that B.z2i12 =
To9;+1, where (3 is the Bockstein.
We adopt Milnor’s [Mi] description of the dual Steenrod algebra A.:
P(flaf%"')v |€n|:2n_1, if p=2,
A=< P&1,62,...) ® E(1o, 71, .- ')7 |€n| =2(p" - 1), |Tn| =2p" —1,
if p is odd,
where P stands for a polynomial algebra and E stands for an exterior algebra.

where u; € Extgfiﬂ_l(Z/p, Z/p) is expressed as [§;11] in the cobar complex, and
corresponds to the usual (Hazewinkel [H] or Araki [Arl], whichever) generator
v; € BPyiy1_5 (resp. p) when i > 1 (resp. i = 0). (Recall BP, = Z,[v1,v2,...].)

E({k) is the exterior quotient Hopf algebra of A, generated by &1, ..., ky1 (resp.
T0s--- ,7k) for p =2 (resp. p = odd), whose notation is intended to suggest

Ext{" (Z/p. H. (BP(R))) = Extsh, (Z/p.Z/p).
For simplicity, we write particular spaces of primitive elements as follows:
PBP,(X)= BP Opp,ppBP.(X),
PH.(X) = Z/p O H.(X).

1. WoOD’S THEOREM AND KAMEKO’S REDUCTION
We use the following numerical functions freely in this section:

ap(n) = Z a;, where n = Z a;p', 0 <a; <p—1is the p-adic expansion,
i>0 i>0
Bp(n) =Min{k |n(p—1) = Z (p¥ — 1) for some ;>0 (1<j<k)},
1<5<k
Py(n) =pn—+ (p—1)s.

Lemma 1.1. (i) n is expressed as Zl<j<mpif withi; >0 <= ap(n) <m<n
and m=n (mod p —1).

(ii) Bp(n) <m <= ap(np—1)+m) <m.

(iti) Bp(n) < (p—1)s <= By (Fp,s(n)) < (p—1)s.

(iv) Bp(n) < (p—1)s—1 = p*fn+s.

(v) Pﬁs(n) +5=p"(n+s).

(vi) Bp(n) < (p—1)s = [, (Pﬁs(n)) =(p—1)s, Vk > s.
Proof. (i) Obviously, the largest possible such m is n with n = n-p® = p° 4+ .- 4+ p°.
—_—
Now, rearrange 3, <, ph = > ois0 b;p', b; > 0 so that m = >i>o bi- Any such

an expansion is obtained from the trivial expansion n = p® + - - - 4+ p° by repeating
—_——

n

the operation p’ +---+p' — p-p* = ptl. Of course, each application of this
—_——

P
operation reduces the number m by p — 1, and we can repeat this operation until
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we reach the p-adic expansion n =3, a;p’, 0 < a; < p— 1. From this the claim
follows. B
(ii) This follows from

Bp(n) <m < np-1)= > (" 1) (i; >0)

1<j<m
<~ np—-1)+m= Z P (i; >0)
1<j<m
= ap(n(p—1)+m) <m,

where the last equivalence follows from (i).
(iii) This follows from

(P—1)s=Fp(n) <= (p—1)s = ap(n(p—1)+ (p—1)s)
=ap (p{nlp—-1) + (- 1)s})
=ap({pn+(p—1)sip—1)+(p—1)s)
= (p—1)s =By (pn+ (p—1)s) = Bp(Pp,s(n)),
where we have used (ii) twice.

(iv) From the assumption and (ii), we get ap(n(p — 1) + (p — 1)s — 1) <
(p—1)s — 1. Suppose p° | n + s, contrary to the claim. Then the p-adic expansion
of (p — 1)(n+ s) — 1 begins with

p-Dn+s)—1=@-1)+@-Dp+-+@-1)p"" +---,
which implies a,,((p — 1)(n +s) — 1) > (p — 1)s. Of course, this is a contradiction.
(v) By mathematical induction, we get

k _ k k—1 k—2
Byn)=p"n+p" " (p—1)s+p" “(p—1)s+---+plp—1)s+(p—1)s

P -1
=p'n+ G U)s=p"(n+s) s,
from which the claim follows.
(vi) This follows from (iii), (iv), and (v). O

Let P be the total Steenrod operations:
PO+ P 4 P24 ... if pisodd,
S¢" +S¢t + S¢2+ -+ ifp=2.

We identify F,[t1,to, ... ,ts] with the A* algebra H*(BV;) and H*(BT?) for p = 2
and p odd, respectively. Then, in either case,

P(t:) =ti + 17,
2 X .
XP)(t:) = ti =0 +t0 4+ (1) + -

for any 1 < ¢ < s. Given a monomial X = t7'¢5?---t% in Fj[t1,1o,... ,ts], we
denote its degree by | X| = ny + ng + - - - + ns. Notice that this coincides with the
usual grading of H*(BYVj;) for p = 2. However, this is one half of the usual grading
of H*(BT*) for p odd. With respect to this grading, both P (for p odd) and S¢q°
(for p = 2) increase the degree by i(p — 1). The case p = 2 of the following was first
proved by Wood [Wo], who proved a conjecture of Peterson [P].
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Theorem 1.2. Write down any monomial X € Fplt1,ta,--- ,ts] of the form
X =102 e YP, 0<ri<p-1,
for some monomial Y € Fplty,ta,--- ,ts]. Then, X is A*-decomposable, whenever

ap ([ X|p=1)+(ri+ro+---1rs)) >r1+ro+ -7,
Proof. We begin by noticing
X =iyt P ) = x (Y1) (gt Y

modulo A*-decomposables. Suppose, to the contrary, that X is A*-indecomposable.
Then, x (PY1) (¢]'¢5? - - - 7) should be nonzero. However, as

x (Pt -t
1 ,L»71‘1

— sum of monomials of the form £ ... 2" ...¢?

" e
and
(P
|Y|(p—1) + 71 +7r2 + -7 should be expressed as a sum of (ry +rz +---7,) many
p-powers (including 1 = p%). From Lemma 1.1(i), this implies
ap([Y[p—1)+ri+ro+--1rs) <ri+ro+---7s.

=[Y|(p—1)+ri+re+--7s,

But, as
| X[(p—1)+ (r1 +r2+---75)
={|Yp+ (1ot 1)y p—1)+ (1 + 12+ 75)
=(Yllp—1) +(ri+r2+---75))p,
this is equivalent to
ap (| X|p—1)+(ri4+re+--715)) < (ri+ra+---15).

Of course, this is a contradiction, and the claim is claimed. O
Corollary 1.3. The above X is A*-decomposable if Bp(|X|) > 11 + 12+ - 7s.
Proof. This immediately follows from Theorem 1.2 and Lemma 1.1 (ii). |
Corollary 1.4. Suppose QH™(BVy) # 0 (resp. QH?*(BT*®) # 0) for p =2 (resp.
p = odd). Then B,(n) <s(p—1) (<= aop((n+s)(p—1)) <s(p—1) by Lemma
1.1(ii)).

Proof. Suppose, to the contrary, that Sp(n) > s(p — 1). Then, as s(p — 1) > r; +
ro+--++7rs in Theorem 1.2, Corollary 1.3 implies any monomial in H™(BV;) (resp.
H?"(BT?)) for p = 2 (resp. p = odd) is A*-decomposable, i.e. QH"(BV;) =0
(resp. QH?*"(BT*) = 0) for p = 2 (resp. p = odd). This is a contradiction. |

The following result is used to study BV when p is odd.

Proposition 1.5. Suppose p is odd. Suppose further that s = 1 or vp(n) >
s+ [log,[5]] + 1 and s > 2. Then the smash product of the (reduced) S*-transfer
EBT_l|r — P induces an isomorphism

PHy(_s)(BT3) 2 PHyy (S5 BTS) — PHopoo(A*P).
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Proof. Since the case s = 1 is very easy to see, we assume s > 2 and vp(n) >
s+ [log,[5]] + 1. Then it is enough to show

(P) (Z/p Op, Ho(BT3)) () = (2/p Op, Ho(A*P)),,,_,.
Since

H.(P)= H.SBT})® H.(X*BT}),

as a P,-comodule, the right-hand side of (P) becomes the direct sum of the left-hand
side of (P) and additional Z/p-modules of the form

(/0 O H.(BT),

with 1 <[ < [%] We must show these additional modules vanishes. For this, by
Corollary 1.4, it is enough to show

a((n=0p-1)>sp-1),
when v,(n) > s+ [log,[5]] +1 and 1 <1 < [5]. We write

n= a,p”P(") a>1,

[ = plloss[3l+1 _p 0 < p < pllosyl3lI+1,
Then,
(n=1)(p—1) = alp = Vp"") = (p— 1) (plows 841 —p)
={a(p—1) - 1}p"»™ 4 (pvpm) _ puogp[g]m)
" (puogp[%nﬂ by — 1)) '
Clearly,
a((n=0(p-1) = ({a(p —1)— 1}pvp(n)>
+ oy (p”“") - p“f’gp[%”“) +a (p“"gp[%]]ﬂ +b(p— 1))
and

oy ({alp — 1) = 1)

a (pvpm) — pllog, 1511+ )

a (p[logp[ s1+1 4 p(p — ))
Therefore,

a (0= 1)(p = 1)) > (vp(n) — log, 5] = 1) (p = 1) = s(p — 1),

which completes the proof. O

Y

2 (since o, (a(p — 1) = 1) = —1 (mod p — 1)),

b=
(vo(m) = log, 151 = 2) (p— 1),
2

(since 0 < b < plosnlzll+1y,
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Let Fp[t1,t2,- -+, ts]™ be the degree n-part of Fy,[t1,t2, - - , ts]. We define a couple
of F,-linear maps

(b : Fp[tl,tg, cee ,ts]n — F;D[tlvt% - ,ts]Pp,s(")7
Yo 7 T (),
1/) : Fp[tl’tQ’ e ’tS]PPYS(n) - Fp[t17t27 T ats]nv
Yo {Y if X = ¢(Y),

0 otherwise,
where Y and X are monomials.

Lemma 1.6. Suppose 0 <r <p—1and1<1i<s. Then, in the expansion of the
total Steenrod operations action

r r r j _1) r T+j(17_1)
P(t;) =t; Z ( ) tg(p = Z < > l; ;
o<j<r o<g<r

the degree r + j(p — 1) of a typical term is congruent to p — 1 modulo p, only if
r=p—1andj=0.

Proof. This immediately follows from 0 < j<r <p—landr—j=r+jp—1) =
p—1 (mod p). |

Proposition 1.7. (i) yPX = Py X for any monomial X. In fact,

Pr(¥X) ifp|a,

0 otherwise.

-]
(i) The kernel of the composition

Fplt1, ta, - ,ts]Pp,s(n) A Fplti,ta, -, ts]" Q QF[t1,to, -, ts]"
is the sub Fp-vector space generated by Kert and the A*-decomposable elements.
Proof. (i) Write down any monomial X € F,[t1,ta,- - ,ts] in the form
X =t -t YP, 0<r; <p-1,
for some monomial Y € Fy[t1,t9, - -, ts]. Notice that X = ¢(Y”) for some monomial
Y’ if and only if ;, = p—1 for any 1 < ¢ < s. Then
YPX =t (P(t'ty* - -t YP))
=¥ (P(t1)" P(t2)"™ - - - P(ts)"™ (PY)?)
_{PY ifr,=p—1forany 1 <i<s,
0 otherwise

=Pu(fyH g 1Y)

=PyX,
where we used Lemma 1.6 in the second equality. The second claim follows from
this and a degree observation based on P, (% + |z/JX|> =a+ P, (|YvX]).
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(ii) Suppose A € F[t1,ta, -+ ,ts]"»+(") is contained in the kernel of the compos-
ite @ o . Then, we may write

V(A) = S APRY,
for some A; € Fp, b; > 0, and monomials Y;. But, by (i), the right-hand side becomes
¥ (3, MiPY(9(Y;))) - Therefore,

A— Z APY(o(Y7)) € Kerp (b; > 0),

from which the claim follows. O

Now we are ready to state and prove Kameko’s reduction [K] for any prime p.
([K] considered only the case p = 2.)

Theorem 1.8. (i) ¢ induces a surjective Fy-linear map
Qv : QF [ty ta, - ’tS]Pp,s(n) — QFp[t1,ta, - , L™
(i) If By (Pp.s(n)) = s(p — 1), this is an isomorphism.
Proof. (i) ¢ induces Qv by Proposition 1.7 (i). Qv is clearly surjective as ¢ is

surjective (with ¢ as its section).
(ii) From Proposition 1.7 (ii), the kernel of the composition

Fylty, ta, - ta] oo BB [ty 10, )" S QFplty, ta, -+ o]

is the sub Fj-vector space generated by Ker and the .4*-decomposable elements.
Now Ker 1) is generated by those monomials

X =752 -t YP, 0<r <p-—-1,
with some monomial Y € Fp[t1,t2,--- ,¢s], such that 3 .. .7 < s(p—1) =
Bp(]X1). Then, X is A*-decomposable by Corollary 1.3. This implies that Ker Qo
consists of the A*-decomposable elements, from which the result follows. O

Corollary 1.9. (i) For p =2, ¢ induces a surjective Fa-linear map
Qv : QH " (BV,) — QH"(BV).

If By (Pp.s(n)) = Bp(2n+ s) = s, this is an isomorphism.
(i1) For p = odd, v induces a surjective Fp,-linear map

Qy : QH* (") (BT*) — QH*™(BT?®).
If By (Pps(n)) = Bp (pn+ s(p — 1)) = s(p — 1), this is an isomorphism.

Corollary 1.9(i) is the original Kameko’s reduction [K]. Now the following is the
dual statement.

Corollary 1.10. (i) When p = 2, we have a well-defined injective Fo-linear map
Sq" : PH,(BV,) — PHp,  (n)(BVs),
Tiy Q@ Tiy @+ Q Ty, = T2iy 41 @ T2p4+1 @+ -+ @ T24,41.

If By (Pps(n)) = s, this is an isomorphism.
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(i1) When p = odd, we have a well-defined injective Fy,-linear map
P°: PHy,(BT®) — PHap, (n)(BT®),
Y2ip @ Y2ip, @+ @ Y2iy > Y2(piz+p—1) @ Y2(pis+p—1) @ "+ O Y2(piy+p—1)-
If Bp (Pps(n)) = s(p — 1), this is an isomorphism.
Corollary 1.11. For anyl > 0,
(S¢°)' : PHyoory_o(BVy) = PHyerio1y_ o (BV3),
{(Po)l t PHygpers o (BT®) — PHygperi1y_ o (BT®)

is an isomorphism.

Proof. In both cases, we may assume §,(t —s) < (p—1)s, because, otherwise, both
the source and the target are trivial by Corollary 1.4 and Lemma 1.1 (iii). But, if
Bp(t —s) < (p—1)s, the claim is an immediate consequence of Corollary 1.10 and
Lemma 1.1 (vi). O

To conclude this section, we make the following generalization for an odd prime
p:
P°: PH,(BVs) — PHp, (n)(BV),

Tpiy+p—1 & Tpis+p—1 @+ @ Tpj +p—1
Ti @Tip, @+ Ry, iff 41,40, -+ ,is are all odd,

0 otherwise.

The well-definedness of this P? may be easily verified, using Corollary 1.10 (ii) and
the P,-comodule isomorphism

H,(P) = H.(SBT})® H.(X*BT}).

2. THE ADAMS SPECTRAL SEQUENCE OF BP,(A°P)

To study BP,(BVj), recall that the canonical projection

BVy = (BZ/p) x (BZ/p) x -+ x (BZ/p)
— (BZ[p) N(BZ[p) \--- N (BZ[p) = N°P

stably splits so that A°P constitutes the essential part of BV, : z;, @ 2;, ® -+ ®
x;, € Ho(BVs,), where i1,i2, - ,is > 0, is contained in H,(A®*P) if and only if
i1yig, - is > 1.

Therefore, we are going to study BP.(A®*P), which still has a very compli-
cated additive structure. Fortunately, as was noticed by [JWY][JW], the affir-
mative solution [RW][Mt] of the Conner-Floyd conjecture implies that its classical
Adams spectral sequence collapses at its Es-term, and this allows us to use more
tractable Extp, (Z/p, H. (A°P)), instead of BP.(A*P), to evaluate the BP;-
order of those elements we are interested in. (Note that the multiplication by
p in BP,(A®*P) corresponds to the multiplication by ug € Ext};’zS)*(Z/p,Z/p) in
Exty ., (Z/p,H.(A*P)).) We begin with a summary of known results, which are

(8)
necessary in our approach:
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Proposition 2.1. (i) The Adams spectral sequence
Ext’;" (Z/p,H. (BP NAN°P)) = BP.(\°P)

collapses.
(ii) As Z/plus|-modules,

Exty,. (Z/p, Ho (N'P)) = Exty, (Z/p, He (N P)) ® Z/plus].
(iii) Ext* } . (Z/p, H. (A\°P)) contains a sub Z/pluo,ur, -, us|-module

@ Z|p{@2k, -1 @ Tag,—1 @+ + @ Tog,—1} @ Z/plus),

ki, ke 21
0,23 ;<5 kim s
where Tog, -1 @ Toky—1 R -+ @ Tog,—1 € ExtES (Z/p, H, (N\°P)).
(iv) There is a canonical identification of the above Z/p[uo, Upyeoo , Ugl-

submodules ofExt i (Z/p, « (A*P)) as ®z/pl Exty; 7 (Z/p, «(P)):

UO,UT e s Us

7 @ Z/p{x2k1_1 R Xoky—1 Q-+ & 1’2ks—1} ® Z/p[us]
ki1

~®  Exy, (@ H.(P)).
Z/pluo,ut,... ,us]
Lok, —1 ® T2k, —1 @+ @ Tog,—1 > Lok —1 © T2k, —1 @ -+ @ Tog, 1.
Proof. For (i)(ii), see [JWY][JW]. The first part of (iii) follows from (i)(ii) and
the solution of the Conner-Floyd conjecture [RW][Mt], which was also used in (i)
[JWY]. The second part of (iii) about the splitting is proved in [JWY].

For (iv), we first notice that ®2/p[uO)u“ we) EXti 0 (Z/p, H. (P)) is generated
by @, ... ., Z/P{T2k,—1 @ Ty —1 @ - @ Tap, _1} as a Z/p[uo, Ui, ... ,us-module.
This is because such is the case for each tensor factor Ext; (5). (Z/p, H. (P)) [D].
So, thanks to (iii), the claim would follow if we could canomcally embed

& Exty/,. (Z/p, H. (P)) in  Extyy, (Z/p,H.(\°P)).
Z/pluo,u,... ,us)
But this follows immediately from the Ext-analogue (see the proof of Proposition 2.1
(iv) in [M3]) of Landweber’s bordism Kiinneth theorem [L1], which latter enables
us to embed @%p BP.(P) in BP,.(A*P) [JW]. O

To understand the order of those relevant elements in BP,.(A®*P), we need to
know the formula of ug-action on

B z/p{vw 1 @2ok,1 @ -+ @ w2k, 1} ® Z/plus].
kl,..._’ks

For a technical reason, we can minimize our task by writing down all the actions of
U1, ... ,us—1 simultaneously. For this purpose, we denote the Z/p[us]-module map

T2y —1 @ T2ky—1 @+ @ Tk, —1 = UjTo(ky —1r1)—1 @ T2(kg—1p)—1 &+ & T2k, —r,)—1
by u; X{* --- X7+, and define a power series

FOO) = (14 X7 4 X2 xpi 7L
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Furthermore, using the p-adic expansion of n,
n=enp" +emn_1p" " +--+epte (0<e; <p—1for0<j<m),
we set

ap(n) =eg+e1+ -+ em,
A={0}u{n|ay(n)=p-1},
{—M when n > 0,

erleal e, !

C =
p(n) 1 when n = 0.

Notice that C,(n) = (e1lea! - e,,!) 71 if n € A (we use the usual convention 0! = 1).
Lemma 2.2. f(X) =3 ., Cp(n)X".
Proof. This follows from
FX)=(1+XP g xP L4 xP )t
=1 XP M1+ XP g xP gy X ]
:1_(X+XP+XP2+...+Xp"+...)p—1
=1+ > Cm)X"=> Cy(n)X"

ap(n)=p—1 neA
|
Now, the following is the action formula:
Proposition 2.3. The Z/plug,u1, ... ,us]-module structure of
P zZ/v{raw, -1 @ 2km1 ® - @ T2k, 1} @ Z/plu]
ki, ks >1
is determined by the following equalities of 7Z/plus]-module self-maps:
u; = ug - total degree p® — p'-part of H f(X;5)
1<5<s
_— ) Cylr1) -+ Cylr ) XJ* - X7,
T1y T €A1 Ts=pS —pt
for any 0 <i <s.
Proof. As these actions of ug, wui,..., us clearly commute, they together define
a Z/plug, u1, ... ,us]-module structure. Now, we claim these (proposed) actions

satisty

(C) wo + X b up XY T XP T =0 (1Y <),
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By symmetry, it is enough to show this for j = 1. Since

2 s
Ug —I—ule_l +UQX{7 -1 + —|—USX{) -1

sus | (L XP XY e XY () [T )

— XTI )

lsjss total degree p°® — 1
ERS A total degree p° — 1
it is enough to show <H2§j§n f(Xj))total dogree 1 0. However, as the total

degree, say n, of any nonzero term in the expansion of [[,. ;. f(X;) satisfies
ap(n) < (s—1)(p—1) by Lemma 2.2, this simply follows from a,(p® —1) = s(p—1).
Thus, we have verified (C).

Notice that (C) is just the characterizing property of the Z/plug,u1, ... ,us)-
module structure on &3, u0 us.... u.) EXti(sy, (Z/p, He (P)). The point is that

Extg<s>* (Z/p, Hy (P)) is generated by {x2;_1};cn with the relations
—(p— — — — — : s —(ps — —
{uoTar—1 + U1To(k—(p—1))—1 + U2To(k—(p2—1))—1 F *** + UsTo(k—(ps—1))— 1} keN

(i.e. up+ur XP~1+ usz2_1 o u XPN = 0) as a Z/plug, ui, . . . ,us]-module
[D]. Hence,

S

Q) Extig,. (@/pHo(P)

Z/pluo,u1,... us]
is generated as a Z/plug, u1, . . . , us]-module by {xaor, 1@ T2k, —1 @+ - @Xak, —1 }k;>1
subject to (C). Therefore, we can define a Z/plug, u1, ... ,us|-module homomor-
phism
h: & Exty/, (Z/p, H. (P))

Z/pluo,u1,.-. yus]

— | B Z/p{war -1 @ Toky 1 @+ D w2k, 1} ® Z/plu]
Ei>1

so that

h(Zok, —1 ® Toky—1 @ -+ @ Tag,—1) = Tak,—1 & Taky—1 ® -+ Q Tag, 1

/

for any k; > 1, where (@kel Z/p{Tak,—1 ® Togy-1® @ Tk, —1} ® Z/p[us]> is

DBi.o1 Z/p{wn, 1 @ w2py, 1 @ - @ Top, 1} © Z/pluy] equipped with the proposed
Z/plug,u1, ... ,us]-module structure.
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On the other hand, in Proposition 2.1 (iv), we constructed a Z/p[ug, u1, . . . , us)-
module homomorphism

7 @ Z/p{xzkl_l R Toky—1 - & $2ks—1} & Z/p[us]
Ei>1

S

- (0 Extyr, (Z/p, H (P))
Z/pluo,ua,... ,us]
such that i(zog, -1 ® Tog,—1 Q +++ ® Tog,—1) = Tok,—1 @ Tog,—1 @ -+ Q xap,—1 for
any k; > 1. Then, clearly,

hoi: @D Z/p{wok, 1 @ Bak, 1 ® -+ @ ok, 1} © Z/plus]
ki>1
i

— | B Z/p{zar 1 @ ok 1 ® -+ @ ok, 1} ® Z/plu]

ki>1
is a Z/plug, u1, - . . , us]-module isomorphism which induces the identity map on the
underlying set. This immediately implies that the proposed Z/plug,uq, ... ,us]-
module structure on P, 1 Z/2{T2k, -1 ® Tok,—1 @ -+ @ T2, 1} @ Z/plus] is the
right one. B O

Now, define the usual lexicographical order among monomials in H,(BV) :

Loy @Tay Q- QT < Ty @Tp, Q-+ Q Ty,
<> ay = by,u < t and a; < by, for some ¢t (1 <t < s).

Then, the ¢ = 0 case of Proposition 2.3 immediately implies
Corollary 2.4. ([JWY] 2.11)
Ué (Toky—1 ® Tog,—1 @+ @ Tag,—1)

= (= 1) (Ba(ks—(pe—p 1)1 ® T2(ka—1(p—1—p=2))=1 B *** O Ta(k,—1(p-1))-1
+sum of monomials with higher order) .

Proof. 1t is enough to show this for [ = 1. Then the claim is an immediate conse-
quence of Proposition 2.3, because a,(p® —1) = s(p — 1) and

Co(p* =" NG = ") Cplp = 1) = Gyplp — 1)° = (-1)".

Proposition 2.5. (i) Suppose p = 2. Then, if the Thom reduction
BP2L+5*1t—s(BVS) - H21+3*1t—s(B‘/8)

image of an element © is nontrivial and contained in PHoy+s—1,_4(BVy), the 2-
exponent of O is at least 2'7%.
(i) Suppose p = odd, and | > [log,[5]] when s > 2. Then, if the Thom reduction

BPZp“rS*lt—s(BVS) - H2pl+5*1t—s(B‘/S)

image of © is nontrivial and contained in PHypvs—1,_s(BVs), the p-exponent of ©

is at least % + 1.
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Proof. (i) From Corollary 1.11, PHy1-1,_4(BVy) = (Sq°)! (PHys—1,_(BV})).
Then, we may assume © € BPyis1,_,(A*P), because Sq° (H.(BVy)) C
@khm Ea>1 Z/p{ZEle_l RX2ky—1X - '®$2k5_1} C H2*+5(/\SP) and A®P is a stable
summand of BV,. Now, any nontrivial element in (Sq°)'H,(BV,) may be written
in the form

Z2j,—1 ® Tj,—1 & -+ ® Toj, —1 + sum of monomials with higher order

with 20 —1 < 2j; —1 < 2jp, —1--- < 2j, — 1, by changing the order of the factors
if necessary. Therefore, by Proposition 2.1, it is enough to show

l—s
u((J2 -1 (225, -1 ® T2j,—1 ® - - @ T25,—1 + sum of monomials with higher order)
#0¢€ @ Z)2{x2k, 1 ® Togy,—1 @ -+ @ Tag,—1} @ Z/2[ug).
qu"' 1k521
But this is certainly the case, because Corollary 2.4 implies the left-hand side is

l—s _
ul® T (@, — oy 21 B gy~ 2 L B

® Ty(j, —(21-+—1))—1 + sum of monomials with higher order),
which is clearly nonzero, for
2(ji — @7 -1 —2o7h) —1>2(2 - (2 - 1) (2f — 207 ) — 1
=2°—-1>1
and
21 —1<2jp—-1<---<2j,— 1.
(ii) From Corollary 1.11 and Proposition 1.5,
BPypsa1yo(BVs) = (PO (PHygrrery_y (BT?)).
Now, the rest of the proof goes as in (i). O

3. BP-ADAMS OPERATIONS ON BP,(A*P)

In this section, we study the action of the BP-Adams operation ¢?*! [N][Ad2]
on BPy,_s(N\*P).

For our purpose, it is most convenient to establish a universal coeflicient spectral
sequence

Es = Extlyp (BP.(X), BP,) = BP*(X),

using the chromatic tower [R3]. (For the original and different approach, see [Ad3].)
Thus we now review materials related to the chromatic tower:

In their influential paper, Miller, Ravenel and Wilson [MRW] introduced the
chromatic resolution

BP, — M° — M'— M? — ...
by splicing the short exact sequences
0—N"— M"— N1 -0
where N = BP,, M"™ = v, IN,,. In addition to their usefulness for calcula-
tions [MRW], M™’s turned out to possess some nice properties. In fact, as John-

son, Landweber and Yoshimura [JLY] showed, each M™" is BP-injective, that is,
Extzp (A,M™) = 0 for all ¢ > 0 and all comodules A in BP, the category of



THE NEW DOOMSDAY CONJECTURE 2339

all BP,BP-comodules and comodule maps. Furthermore, using the technique of
Bousfield [Bo], Ravenel [R3] showed both M™ and N™ are realizable as a spec-
trum: Let L, be the Bousfield localization functor [Bo] with respect to v, !BP.
Define inductively N, and M, so that Ny = S, M,, = L,N,, N,.1 = the
cofiber of the localization map N,, — L,N, = M,. Then it can be seen that
BP.(N,) = N", BP.(M,) = M"™ [R3]. Thus the geometric chromatic resolution
of the sphere looks like

Y7"N, —— L,X" "N, =X""M,

.|

E_QNQ —_— L22_2N2 = E_2M2

.|

E_lNl —_— le_lNl :E_lMl

le/
SO LeS° = M,
Here p,, : " N,, — X7 "T1N,,_; is the fiber of the localization map ¥~ "T1N,,_; —
Ln—lz_n+an—1 = E_77'—,—1]\477,—1-

Theorem 3.1. (i) Let X be a countable union of finite spectra. Then there is a
universal coefficient spectral sequence

Ej = Ext}yp, (BP.(X), BP,) = BP*(X),

such that EY = Hompp (BP.(X), M?®).
(ii) Let Y be a finite spectrum. Then there is a universal coefficient spectral
sequence

B3 = Exty, (BP*(Y), BP,) = BP.(Y),

such that Y = Hompp (BP*(Y), M?).

(iii) Suppose Y = ColimY,, is a countable union of finite spectra. Then the same
construction as in (i) still gives us a spectral sequence converging to BP.(Y), such
that EY = Homg,,,;_pp, (BP*(Y'), M?), where the topology of BP*(Y') is the inverse
limit topology BP*(Y') — lim BP*(Y,,). In other words,

B} = limHom},p (BP*(Yy), M°).

Hence the Es-term becomes the homology of this continuous cochain complex, which
we denote by Ext)) , 5p (BP*(Y), M®), in analogy with the continuous cohomol-
ogy. Thus we may write

B3 =Ext®f, pp (BP*(Y), M%) = lim Ext}}, (BP*(Y,), M*).
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Proof. (i) Let f : X — ¥*BPAS? be a representative of an element of BP*(X). We
introduce a decreasing filtration BP*(X) = F° D F1 O ... so that [f] € F® <
f factorizes as
X — BP Ax~*N, ZEABeP) pp s g0 _ pp

Clearly, Ef = {X,BP A M,}*. We claim this is equal to Hompp (BP.(X), M?).
In fact, this is the case for the spheres, since BP,(M;) = M?*. Then the claim
for finite spectra is proved by the induction on the number of cells using the five
lemma. The claim for countable unions of finite spectra is proved by noticing that
the BP-injectivity of M" implies the vanishing of lim Lin the Milnor exact sequence.

Now, with this identification of the E-term, the claim about the Es-term follows
from the fact that the geometric differentials d; : BP A Mgy — BP A Ngy1 —
BP A Mg, realize the chromatic resolution BP, — MO — M - M?%2— ...,

(ii): Let g : S* — BP A'Y be a representative of an element of BP,(Y). We
introduce a decreasing filtration BP,(Y) = FO D F1 5 ... sothat [g] € F* <= ¢
factorizes as

§* = BP ANSN, Ay DEARiomop)nY

BPASAY =BPAY.

Then the rest of the proof goes as in (i).
(iii) Having (ii), it is enough to identify the Ej-term. But this follows from the
following commutative diagram:

Um{S%, BP A M, AY,}* —=— limHompp (BP*(Y,), M?)

{SY BPAM,AY}* ——— Hom},,, pp (BP*(Y),M?),

where all the maps are obvious ones. O

The power of this theorem can be seen in the proof of the following:
Proposition 3.2. (i) For Y = BV, the filtration associated with spectral sequence
of Theorem 3.1 (i1i) looks like

BPyBV,)=F'=F'>F?*>...>OF*>F* =0

and F" = F" if 24 d +n.

(ii) The above filtration is preserved by the action of YPT1. Furthermore, when

2| d+n, pP*1 acts on BL"TUBY,) = F"/F™+1 as multiplication by (p+1) 5.
(i) Suppose pr(m) > [%] . Then the p-ezponent of any element in

+1
Ker (7" —1) |BP2m,S(AsP)

18 at most
1 if p=2 and vo(m) =0,
s—1
va(m) + 2+ [%} — Qo ([551]) if p=2 and vo(m) > 1,

plEF - o ([551))
p—1

vp(m) + 1+ if p is odd.

Proof. (i) Clearly, F* = F! and F* = F**! because BP.(BV}) is vp-torsion and
ve-local [JW]. Now, F"/Fr+t = Erntd(BV,) is a subquotient of Ef""(BV,) =
Hompp, (BP?*,(M"™)41n_2.). But, this vanishes when 2 1 d + n, as (M™)g1n_2+
will then vanish.
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(i) ¥P*! preserves the filtration because the filtration is associated with the
geometric chromatic tower. For the second claim, it is enough to prove the same
claim for E;""T(BV,) = BP4(BV, AX""M,). Now we list some known facts about
wp-i-l .

(a) ¥PT!is a map of ring spectra.
(b) P+t |BP2* is given as multiplication by (p + 1)*.
(c) For any n, yP*! |BP2*(Mn)

(d) Pt |BP2*(BVS) is given as multiplication by (p + 1)7*.

is given as multiplication by (p + 1)*.

In fact, (a) and (b) are well-known and can be found in [Ar2][W]. (c¢) follows from
(a) and (b), as BP.(M,,) = M™. Finally, (a), (b), and [L2] reduce (d) to the case
s =1, when the claim is well-known [H].

To determine the ¥P*1 action on BP,;(BVs A X""M,,), our strategy is to embed
it in Hompp (BP*(Y'), M?) (as the submodule of all continuous BP, homomor-
phisms), and determine the ¢P*! action on Hompp (BP*(Y), M*) : Recall that
the composite

5 : BPy(BV AS™"M,) = Homy,_pp (BP**(BV.), (M")ain—2.)
c Hom*BP* (BP2*(B‘/;)= (M"™)d4n—2+)

is defined by 6(z)(y) = u(z ® y), where z € BPy(BVs; AX""M,,), y € BP?*(BVj),
and

@ : BPy(BV, AX""M,) @ BP**(BV,) — (M™)q1n_2«

is the canonical pairing. Then, as P! is a map of ring spectra, we have the
following commutative diagram:

BP;(BV, ANX""M,) ® BP?>*(BV,) —%— (M")q1n_2x
lw?ﬂrl@wiﬂrl lwrﬂrl
BP;(BV, ANX""M,) ® BP?>*(BV,) —%— (M")q1n_2x
From this, we get the following commutative diagram

BPy(BV, NS™"M,) —— Homjp (BP**(BV,), (M")an—2:)

lwp+1 lwrﬂrl
BPy(BVs AX""M,) —— Homlyp (BP*(BV;), (M™)gsn—2:),
where P! acts on Hompp (BP*(BV;), (M™)d4n—2+) by
WP h)(y) = P h(yp™EFDy)
for any y € BP?*(BV,). But, as ¢PH h(p=+Vy) = (p + 1) F*—n((p + 1)*y) =
(p+1)“F* h(y), we see y**1h = (p + 1)“5* h from which the result follows.

(ili) First, we recall the usual result in elementary number theory [AA][MM][H]
[M1]:

vp((p+1)" = 1) = vp(n) + €,(n),

where

2 if p=2and va(n) > 1,
ep(n) = 1 otherwise.
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This is well-known and quite easy to prove: The key is to use mathematical induc-
tion to show

(142 =142 (mod 27F%)  (r>1),
(1+pP =1+p"" (mod p™+?) (p =o0dd and r > 0).

Consider the following procedure: Given z € F™ N Ker (yP+1 — 1)

choose the following element in F"*1 N Ker (Pt —1)

|BP2m,S(/\3P)’
|BP2m,S(A8P):
{ z if 2¢42m —s+n,

v (2m—25+n)+6p(2m—25+n)

pP

z if2]2m—s+n.

The validity of this procedure is guaranteed by (i) and (ii) of Proposition 3.2.
Beginning with an arbitrary element

w € Ker (Pt — = F' nKer (Pt —

|BP2m,3(/\5P) |BP2m,S(/\5P)’

we can repeat this procedure until we get

pw € F*H N Ker (Pt —1) |BP2mfs(/\SP): 0,

e ={v, (m—[sgl]) +e (m—[sgl])}

g2
+o A {ry(m—1) + ¢, (m— 1)}
+{vp (M) + €, (M)}

But, as p»(™) > [551

where

|, this is equal to

={vp (m) + 6 (M)} + 1, <[ ; 1]!)

tep(D)+ 62+ +6 ([%D

1 if p=2 and va(m) =0,
= (m) +2+ ([552] — a2 ([55 ]))+[3[52;1q if p=2 and ve(m) > 1,
vp(m) + 1+ - _p([s 1) + [552 if p is odd
1 if p=2 and va(m) =0,
={wa(m)+2+ [iz?ﬂ} — Qg ([551]) if p=2and vo(m) > 1,
Vp(m)—&-l—i-w if p is odd

p—1

where we used the well-known result v,(n!) = %’f") in the third equality. Now
the proof is complete. O
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4. THE MAP PH,(BVy) — Ext{""*(Z/p,Z/p)

In this section, we study the key transfer homomorphism
PH,(BV;) — Ext3""(Z/p,Z/p)

in detail. This was first systematically studied by Singer [S1] (see §6 for more about
this). Our principal goal here is Theorem 4.4, where we show Sq%’s (resp. P%’s) on
PH.(BV;) and Ext%*"*(Z/p, Z/p) commute when p = 2 (resp. p is odd). This was
shown in [B] for s < 3 when p = 2. We primarily consider the odd primary case,
because the case p = 2 is similar (and simpler). Our presentation here is strongly
influenced by [B], which treated the case p = 2.

First, we give an explicit set of generators for H*(BZ/p), using the generator
c € H*(CP>) = Z/plc]. Consider the S'-bundle S — BZ/p — CP>°. From this,
we get the Gysin sequence

L B (BZfp) D HU(CPY) X HA(CP®) 5 H2(BV) 5 -

where 7 is induced by the S!-transfer YCP® — BVp and x- is multiplication by
the Euler class pc € H?(CP°), which is of course 0 when we consider the mod p co-
homology. Define a € H'(BZ/p) and b € H?(BZ/p) so that 7(a) =1 € H°(CP{)
and p*(c) = b € H?*(BZ/p). Since 7 is a H*(CP*>)-module homomorphism by the
projection formula, 7(ab*) = c*, which in turn implies H*(BZ/p) = E[a] ® Z/p|b)].

We now claim ((a) = b, where 8 is the Bockstein homomorphism. For this
purpose, we recall we may derive the Gysin sequence by applying the Leray-Serre
spectral sequence

EN? = HP(CP*,7) ® H1(S") = HP"(BZ/p).

In the Leray-Serre Eo-term, we may write a = 1®g and b = ¢®1, where g € H'(S?)
is the generator and ¢ is the generator of H2(CP®°,Z) which lifts c. Our plan is
to compare the above Leray-Serre spectral sequence with its mod p? cohomology
version

EYY = HP(CP>,Z) ® HY(S", Z/p*) = H"*1(BL/p, Z/p),

via the mod p reduction, following the definition of 5. So, we first lift 1 ® g to
1® g, where § € H'(S',Z/p?) is a generator which lifts g. Then, we must apply the
coboundary map (in the cochain complex for the Leray-Serre spectral sequence) to
1 ® g. However, since this cobounday map induces dy in the Leray-Serre spectral
sequence, it suffices to evaluate

d2(1®g) =pc®1.

Thus, 8(a) is detected in the Leray-Serre Fa-term by the mod p reduction of ¢® 1.
This proves (a) = b.

Now, we define z; € H;(BZ/p) as the dual of a®b™ € H'(BZ/p), where i = e +n
with e = 0 or 1. Since 7(ab") = c¥, this definition coincides with the one which was
listed in Notation and Convention in §0.

Next, we define an A*-module T' by

T=Z/p{ab" |e=0,1andn >0, ore=1andn> -1}
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so that
Plab™ ") =a(b+ ")  =ab (1 4+ P17,
Blab™t) =1.

In fact T'= H*(R), where R is the desuspension of the cofiber of the Kahn-Priddy
map BZ/py — S°. Now the following morphism of short exact sequences of A*-
modules is essential to our approach:

0 —— A A* Z/p —— 0
I b
0 —— H*(BW) T Z]p — 0,

where unnamed maps are obvious ones, u* is an A*-module map of degree —1
characterized by u*(1) = ab~!, and f* is the restriction of u*. It is well-known and
easy to see [B] that this is induced from a diagram of spectra maps

H H 50
1] d H
SBZ/py SR 50

Applying — @ (f*)® to this, we get another morphism of short exact sequences of
A*-modules:

(Cy)

0 W(@(H—l)

A QAT —— I
l(f*)‘@““) lU*®(f*)®" l(f*)@'
0 —— H*(BW)®0+) . T @ H*(BV})® —— H*(BV})® —— 0
Of course, we may simply define
PH,(BV;) = Homa- (H*(BV1)®°,Z/p) — Ext%.(Z/p, Z/p)

as the composition of s connecting homomorphisms associated with the lower short
exact sequence of (C;) for 0 < i < s — 1. However, for our purpose, we should write
down this map explicitly. Therefore, we have to make full use of (C;):

Notice that we can get a free A*-resolution of Z/p

o AR AT S A e A L Sy,

by splicing the upper short exact sequences of (C;)’s. Using this, we can calculate
Ext%.(Z/p,Z/p) as the homology of the cochain complex

0— Z/p = Hom 4~ (A*aZ/p) - HOIHA*(.A* ®Wa Z/p) T
— Hom - (A" @ A"V 2/p) — Hom - (A" @ T 2/p) - -- .

Given an A*-module M, define ;M to be M equipped with the trivial .A*-module
structure. Then we have the well-known isomorphism

*

¢
Hom g+ (A" ® M,Z/p) = Homa- (A" ® yM,Z/p) = Homg,,(M,Z/p) = M".
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Here ¢ : A* ® tM — A* ® M is an A*-module isomorphism given by
b AT @ M 22 At @ A @ M LE A @ Zpe M = A* ® M,
where A : A* — A* ® A* is the coproduct and ¢ : A* — Z/p is the augmentation.
Thus, we can calculate Ext’y.(Z/p,Z/p) as the homology of the cochain complex
0Z/p— A — A LA

)

where we used the obvious isomorphism (A*)* = A,. Of course, this construction
applies equally to general augmented Hopf algebras, and is functorial with respect
to maps between augmented Hopf algebras. However, this is not the usual normal-
ized inhomogeneous bar resolution, though we can construct explicit isomorphisms
between these two resolutions via ¢ and its inverse. In fact, this is the normalized
homogeneous bar resolution ([AD] called (normalized) Hopf bar resolution). But,
all we need here is that this resolution is functorial.

We are now ready to give a chain-level description of the key transfer homomor-
phism

PH,(BV,) = Ext\. (H*(BV1)®*,Z/p) — Ext’.(Z/p, Z/p).

Lemma 4.1. (i) The identification PH,(BVs) = Homu-(H*(BV1)®*,Z/p) is
given by the composite

Hom - (H*(BV1)®*, Z/p) C Homu- (A" ® H*(BV1)®*, Z/p)

= Homa-(A* ® yH*(BV1)®°, Z/p)
= HomZ/p(H*(Bvl)(@SvZ/p) = H*(B‘/s)a

where the first map (inclusion) is induced by the surjective map e @ 1 : A* ®
H*(BV1)®* — H*(BV;)®".
(ti) The map PH,(BVs) — Ext’.(Z/p,Z/p) is induced by

H.(BV)®s L7 7

where A*®® is regarded as the s-th module in the normalized homogeneous bar com-
plex (Hopf bar complex) to calculate Ext over A*.

Proof. (i) is clear. (ii) follows from the following commutative diagram:
Homyu- (H*(BV1)®*,Z/p) ————  Homu (A", Z/p)
(e®1)*l (e®1)*l
Hom- (A* ® H*(BV})®%,Z/p) —— Hom-(A* @ A", Z/p)

o | o |

Hom g+ (A* @ f H*(BV1)®5,Z/p) —— Hom g+ (A* @y W®S,Z/p)

®s — 2s
H.(BV;)®* W, A7
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Now we are naturally led to study f.. As was noted in [B], the determination of
f« is reduced to a study of Milnor’s [Mi] A* homomorphism (i.e. right A.-coaction):

N H(X) - H*(X)®A,.

We choose the generator x; € H;(BVy) so that it is dual to a®b"™ € H*(BV;) with
|a®b™| = i, as was done at the beginning of this section. Then we have

Lemma 4.2.
folzs) = (—=1) - the coefficient of a®b™ with [ab"| =i in X\*(ab™1) € H*(R)®A..
Proof. For simplicity, we set
A = the coefficient of a®b™ with |a®b™| =1
in \*(ab™!) € H*(R)®A.,
B = the coefficient of z_1 in 7. (x;),

where 7, : H.(X) — A, ® H.(z) is the left A,-coaction. Notice that both A and
B belong to A;11. First, we claim that

f*(l'l) = (—1)i+1B.
In fact, this follows from the following commutative diagram:

H, 1 (R) —— A, ® H._1(R)

El l(—l)*@E

H.(XR) —“— A,® H.(XR)

f*l lA*®f*

H.(H) —— A.,®H,(H)

A* — *@A*,

where ¢, is the coproduct of A,.
Now, for any y € A", we have

(i), y @ ab™ ")y = (wi,y - (ab™ ")) = (@i - y,ab™")
= \(z; ®@7y),ab™ ) = (2; @ y, \*(ab™ ).

But, as
(ne(z:),y@ab™) = (B@z_1,y ® (ab™ "))
= (—)VYB y) (w1 @ (ab™h)) = (=1)"(B,y)
and
(i @y, \"(ab™1)) = (z; @ y,ab")
= (=1)" (i, a")(y, A)
we have

B =(-1)'A.
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Therefore, we get
fulai) = (=1)"*'B = -4,
which completes the proof. O
To calculate \*(ab™!), recall
MNa)=a®@14+b@Tm+P@m +- +0 @74+,
NO)=bR 1+ @& 4+ @& + -
In fact, these are nothing but the definitions of 7;’s and §;’s [Mi]. Then, using the
p-adic convergent expansion —1 =3, ,(p — 1)p’, we have
Mab™)=(a@14+bQm+0P QT +--+b0 @7 4---)
BRI+ RE&E + -+ @& )T
=@®14+bR@m+P@m +- +b0 @7 +---)
BTTRDARI+P IR 4+ T R )T
=@ ' @l+1@n+ten+- P Ton )
Jlet+ e @ 4. p b =P ger’ 4.t
Jj=0
Lemma 4.3. Let F : A. — A, be the Frobenius homomorphism given by x — xP.
Then
(1) Ffi(x2:) =0,
(it) fi(w2i-1) =0 if p—114,
(iii) f(P°wy) = F fi(zn).

Proof. (i) This is because all the coefficients of the terms of the expansion of b
involve some 7; whose square vanishes.

(ii) Just notice that ab~'b* does not show up in the expansion of \*(ab™?!) as far
asp—1+¢i.

(iii) From (i), we may assume n = 2k—1. We must show fi(z2kp—1) = f«(T2-1)".
For this, notice that the coefficient of ab='b*? in A\*(ab™!) is the same as that of
bFP in

[Tae1+ pP=DP @ e’ Ly DY ger’ 4yl

Jj=0
But the only way to obtain b*? from here is to use the term 1 ® 1 from the factor
4 =0, while the other factors become

H(l @1+ pp—1)p’ ® gfj S p" =1p’ ® gfj N )p—l
Jj=1
P
=([Ia @1+ @ 4. 4@ =0 g e’ 4. ypd
>0
Therefore the claim follows. |
We have two S¢%’s (resp. P%’s), one for PH,(BV;) defined in Corollary 1.10 (ii)

(resp. at the end of §1), and another for Ext’;"(Z/p,Z/p), for p = 2 (resp. p odd).
Now the following is our main result in this section.
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Theorem 4.4. The transfer homomorphism commutes with the two Sq°’s (resp.
PO%s) for p=2 (resp. p odd).

Proof. We prove this only for p odd. (The case p = 2 is similar.) Let V : A* —
A* be the dual of the Frobenius F' : A, — A.. Then, as V is a morphism of
cocommutative Hopf algebra over Z/p, Lemma 4.1 and Lemma 4.3 imply that the
following diagram commutes:

PH,(BVy)  ——— Ext}""(Z/p,Z/p)
POJ V*l
PHp(nys)-s(BV.) —— Ext3?" ") (Z/p, 2/p)
But, as is well-known (cf. [My]),
V' =P Bxt}{"(Z/p, Z/p) — Ext" T (2 /p, 2/p)

with the convention P° = 0 if 21 n + s. (Notice that V* = 0 when 24 n + s.) This
completes the proof. O

5. THE MAIN THEOREM AND ITS PROOF

Now we are ready to state and prove our main theorem.
Theorem 5.1. The Thom reduction of the primitive parts
PBPy,s(BVs) — PHap—s(BVs)

is a trivial map, when

s—1
21/2(n)+2—28 > UQ(TL)+2+ [@} — <|:S;1:|) ifpz 2,

pup(n)+2—2s > (p _ 1)Vp(n) +1 +p {%] —Qp <|:S ; 1:|) ifp 18 odd.

Proof. Notice that both

-1

prr™ > [S 5 ] for any p
and

S

vy(n) > [log, [

hold under the assumption. Hence we may apply both Proposition 3.2(iii) and

Proposition 2.5. Now the claim is an immediate consequence of these two proposi-

tions. |

]]—l—s—l for p odd and s > 2

Corollary 5.2. Under the same assumption as Theorem 5.1, the stable Hurewicz
map

7Tgn—s(BVS) - H2n—S(BVs)
has a trivial image.

Now, let us recall the new doomsday conjecture proposed in [M3]:
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New doomsday conjecture. For each s, there exists some integer n(s) such that
no nontrivial element in the image of

s)*
(PO)") (Bxty" (Z/p Z/p) € (Exti"" 2/p.2/))
is a nontrivial permanent cycle.
Hence, Corollary 5.2 immediately implies

Corollary 5.3. The iterated transfer analogue of the new doomsday conjecture
holds: For each s, there exists some integer n(s) such that no nontrivial element in
the image of

(PO (Bxtiy’ (2/p,2/p) € (Exti?""" (2/p. 2/p))

comes from W;n(s)*_s(BVS_,_) via the s-fold iterated transfer.

6. AFTERTHOUGHTS

To conclude, let us discuss a possible way to get around Singer’s counterexample
[S1]. Singer [S1] showed the iterated transfers actually induce a map of graded rings

@PH (Z/p)*)/GLs(Z/p) — @Exts (2 /p. Z/p),

but he found this is not surjective when p = 2,% =9, and s = 5.

Now, from the new doomsday philosophy, especially by the way in which we used
Kameko’s reduction in the proof of Theorem 5.1, it appears that the right map to
consider is the following localized version of Singer’s homomorphism:

PP°) " PH.(B(Z/p)*)/GLs(Z/p) — EP(P°) " Ext’{ ™ (Z/p, Z/p).

S S

If this localized Singer homomorphism were shown to be an isomorphism, then our
Theorem 5.1 may be regarded as a strong supporting evidence of the new doomsday
conjecture.
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